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Abstract
The electromagnetic momentum of an electric dipole in a uniform mag-
netic field of strength B0 is equal to B0×p/2, where p is the electric moment
of the dipole, provided the charge and current distributions generating the
electric and magnetic fields are spatially separated. In the degenerate case
where these distributions fully overlap, or else are concentrated in a single
point, the electromagnetic momentum is equal to B0 × p/4. In all cases it
does not matter whether the magnetic field is of finite or infinite extent.
These results are obtained using three different methods which provide a
test of the internal consistency of electrodynamics with regard to the handling
of complicated singularities in the potentials, fields, and sources.
1 Introduction
As recently recalled by Jackson [1] and McDonald [2], for systems in which effects
of radiation and of retardation can be ignored, the electromagnetic momentum can



















where ρ is the electric charge density, A is the magnetic vector potential (in the
Coulomb gauge where ∇ · A = 0), E is the electric field, B is the magnetic
field strength, φ is the electric (scalar) potential, j is the transverse (or solenoidal)
1
electric current density ( i.e.,∇ · j = 0), and c is the speed of light (which we take
as c = 1 in the sequel).
In reference [2] these expressions were used to calculate the electromagnetic
momentum of a capacitor in a uniform magnetic field of strength B0. This led
to a result contradicting intuition, namely that this momentum is only half of the
naive estimate of E0 ×B0 V/4π based on Eq. (1.2) where E0 is the electric field
at the center of the capacitor of volume V . Moreover, it was found that evaluating
expressions (1.1–1.3) is difficult, and not without ambiguities. In fact, only one
example was found for which Eqs. (1.1–1.3) gave the same result: a spherical
capacitor surrounded by a sphere of large radius on which there exist a surface
current density that varies as K = 3B0× rˆ/8π where rˆ is the unit vector from the
center of the sphere.
In this paper we show that the electromagnetic momentum of a finite or point
electric dipole in a uniform magnetic field can be consistently calculated for
the three equivalent forms (1.1–1.3) using the methods presented in reference
[3]. These methods allow a straightforward calculation which presents no real
difficulties, including for the evaluations of the products of the δ and Υ-functions
which are made according to Colombeau’s theory of generalised function [4]. (As
will be recalled below, the generalised function Υ specifies how to differentiate at
the position of the singularities in order to properly obtain the δ-functions which
arise when calculating the fields and currents according to Maxwell’s equations.)
The interest of calculating the electromagnetic momentum of a point electric
dipole in a uniform magnetic field — as well of studying the limiting cases of
idealised macroscopic electric dipolar devices and magnetic field generators — is
not just to confirm that such systems have a “hidden” electromagnetic momentum
even though they are static charge distributions combined with steady electric
currents: these investigations confirm that the electromagnetic fields of point
singularities have to be supplemented by δ-like contributions which cannot be
neglected in the general case.
For example, as shown by Jackson, the complete magnetic field strength of a














where the δ-like term is essential in calculating the hyperfine splitting of atomic
states [6].
Similarly, as shown in [3], in problems where the singularity at the position of
a point charge is essential, the Coulomb field of an electric pole of charge q must
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where the δ-function contribution is a classical counterpart of the singularity
responsible of the Lamb shift in quantum electrodynamics [8, p. 294], as well
as an essential contribution insuring the local conservation of the charge-current
density of a generally accelerated point charge [9].
Finally, the complete field of an electric point dipole (which is also called elec-
tric ‘dimonopole’ to stress that its distributional properties are radically different
from those of an intrinsic magnetic dipole) of moment p = qd, where d is the














which contains the δ-function contribution discussed by Jackson in [5, p. 141].
Equation (1.6) is the complete form of the dimonopolar electric field considered












In particular, it will be seen that the δ-function term in (1.6), as well as the
corresponding singularities in the potential and current, are indispensable for
obtaining the correct result using (1.1–1.3) for a point dipole, as well as for the
limiting cases of finite dipolar systems.
The plan of this paper is as follows:
In section 2 we evaluate (1.1–1.3) using rudimentary formulations for the
electric dipole and constant magnetic fields, that is ignoring the Υ-functions. It
will be found that the results from (1.1–1.3) differ from one another.
In section 3 we calculate the potential and the current density of a uniform
magnetic field B0 according to the methods of reference [3]. It will be seen that
despite of being constant and uniform (apart from a very weak singularity), this
field leads to a non-zero current density.
In section 4, expressions (1.1–1.3) are calculated for a point dipole using the
complete form of all fields.
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In section 5 the results of the previous section are extended to a finite electric
and magnetic dipolar system: a spherical capacitor inside a spherical shell produc-
ing a uniform magnetic field within it. This system, which has been extensively
studied (see [2] and references therein), has the advantage to have the point electric
dipole as one of its limiting cases. It will be found that while realistic finite sys-
tems have a electromagnetic momentum equal to B0 × p/2, degenerate systems
in which the charge and current distributions generating the electric and magnetic
fields fully overlap, or else are concentrated in a single point, the electromagnetic
momentum is equal to B0 × p/4. In all cases it does not matter whether the
magnetic field is of finite or infinite extent.
2 Rudimentary formulation
In this section we evaluate equations (1.1–1.3) using for the electric dipole sim-


















which contain no Υ or δ singularities except in the source charge distribution.
Similarly, we take for the potential, field, and current density of the uniform





B = B0, (2.5)
j = 0, (2.6)
which correspond to a current density that is identically zero.







dω r2 (...), (2.7)
∫∫
























d3V φj = 0. (2.12)
The zero result for PFurry was of course expected since j = 0, while that of
PPoynting is due to the cancellation between the two terms of (2.2) after angular
integration. However, if we included Jackson’s δ-function term that is present in




B0 × p. (2.13)
This non-zero result is encouraging because it differs from (2.10) by only a factor
4/3, and because it corresponds to Eq. (13) of reference [2], that is to the electro-
magnetic moment of a spherical capacitor in a constant magnetic field of infinite
extent, which in the limit of zero radius is a macroscopic configuration equiva-
lent to a point electric dipole in the same field. Nevertheless, the results from
equations (2.10–2.13) still disagree, which is why we proceed to a mathematically
more consistent calculation.
3 Full characterisation of a uniform magnetic field
As is explained in reference [3] the defect of the vector potential (2.4) is that the
meaning of r is ambiguous at r = 0 in a polar coordinate system: when r shrinks
to a zero length along a line passing through the origin it has to turn 180 degrees
in order to start increasing again on the other side of the origin. That means that










undefined x < 0,
0 x = 0,












dr F (0), (3.3)
which are similar to those of Heaviside’s step function, even though Υ(0) 6= H(0).
Using the differentiation rule (3.2), one can calculate the magnetic field B =








This field strength differs from the identically constant field (2.5) by two very
“weak” singularities: the Υ factor which according to (3.3) is absorbed in an
integration over r, and the product rδ(r) which is also zero in such an integration
(and which for that reason is often erroneously identically identified to zero).
The source current density is then obtained by calculating the rotational of
(3.4) and dividing by 4π, which after some elementary vector algebra (and the use





This volume current density has a simple interpretation: it corresponds to a surface
current density over a sphere of radius zero producing a uniform magnetic field
within the whole three-dimensional space. When integrated over the full space
this current density yields a total current that is zero after either an angular or a
radial integration. This is consistent with B being constant almost everywhere
except at a point of zero Lebesgue measure [10], i.e., at the origin.
We now turn to the gauge, which has to be that of Coulomb for equations (1.1)
and (1.3) to be applicable. This was the case with the customary potential (2.4),
and is still the case with the potential (3.1) because Υ is a function of r only so
that ∇ ·A = 0. However, there is a difference: suppose we make a translation
r → r + a where a is a constant vector, then
∇ ·A(r+ a) = −
1
2
rˆ · a×B0δ(r), (3.6)
which is zero if and only if a = 0. Thus, the Coulomb gauge implies that the origin
of the vector potential must be the same as that of the coordinate system, which
makes sense because it is the only special point available. Moreover, contrary
to the customary potential (2.4), the potential (3.1) including the Υ function is
unique in the sense that the position of the singularity of the potential cannot be
moved arbitrarily. Finally, as a consequence of being in the Coulomb gauge, we
can verify that j is transverse, which is indeed the case.
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4 Electromagnetic momentum
Having derived the proper distributional form of the fields associated with the
uniform field B0, we can now calculate the electromagnetic momentum for a
point electric dimonopole whose fields are defined by equations (1.6–1.8). In
doing so we are going to explain in detail every step of the calculation — not
that it is difficult, but because it involves evaluating products and squares of
the generalised functions Υ and δ, which are only defined in a generalisation of
Schwarz’s distribution theory such as the Colombeau algebra (see my introductory
paper [4] and references therein, as well as the recent review papers [11] and [12]).
However, for the purpose of the present calculation, the only thing that has to
be known about Colombeau generalised functions is that each of these functions
correspond to one of the infinitely many generalised functions which in Schwarz’s
theory correspond to “one” distribution, that is to the equivalence class of the
Colombeau functions which define that distribution. For example, as shown in
[13], the Υ and δ functions to be used in electrodynamics correspond to the
Colombeau functions υ8 and δ8 which apart from the defining properties (2.9) and
(3.2-3.3) have the additional properties∫
∞
0











which are the only one that will be needed here. Hence, in the remainder of the
paper, we will replace Υ and δ by υ8 and δ8 when calculating integrals in which their
products appear as in (4.1) and (4.2).
4.1 Faraday’s expression: equation (1.1)




























B0 × p. (4.4)
where the final step was made using the integration formula (4.1).
4.2 Furry’s expression: equation (1.3)


















B0 × p. (4.6)
4.3 Poynting’s expression: equation (1.2)






(3Υ− rδ)(rˆ · p)rˆ −Υp
)
, (4.7)












Inserting these two expressions in (1.2) we get, after multiplying the big parenthe-

























Upon angular integration the third term gives zero since it is odd in rˆ, the second
one gives a factor 4π since it is a function of r only, and the first one can be



































B0 × p, (4.14)
in full agreement with the two other evaluations, i.e., equations (4.4) and (4.6).
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4.4 Uniform magnetic field restricted to a finite region
As is immediately seen from the above calculations, in all three cases the elec-
tromagnetic momentum derives from a δ-contribution at r = 0. In the Faraday
expression the δ-contribution comes from the electric field, in that of Poynting
from both the electric and magnetic fields, and in that of Furry from the current
producing the magnetic field. It is therefore most likely that the electromagnetic
momentum will be the same for an electric point-dipole located in any finite region
where the magnetic field is uniform. That this is the case will be verified in the
next section.
5 Finite electric and magnetic dipolar system
In this section we consider a finite electric and magnetic dipolar system: a spherical
capacitor inside a spherical shell producing a uniform magnetic field within it. This
system has been extensively studied (see [2] and references therein) using various
methods. In order to facilitate the comparison with the case of point-dipolar
systems, we will use distributional methods for that purpose.
For instance, the scalar potential, field, and charge density distribution of a
charged-shell of radius a producing a constant electric field inside it and a dipolar
electric field outside are
φdm(r, r > a) =
p · rˆ
r2
Υ(r − a), (5.1)












δ(r − a), (5.2)





δ(r − a). (5.3)
As can be seen, these fields go over to equations (1.6-1.8) as a→ 0.
Similarly, the vector potential, field, and current density distribution on a
conducting-shell of radius b producing a constant magnetic field inside it and a
dipolar magnetic field outside are
Ad(r, r > b) =
m× rˆ
r2
Υ(r − b), (5.4)









Υ(r − b) +
rˆ× (m× rˆ)
r2
δ(r − b), (5.5)





δ(r − b), (5.6)
9
which reduces to the fields of a point magnetic dipole when b → 0, as can be
seen in equation (1.4) for Bd for instance. To express these fields in terms of the
constant field strength B0 inside the sphere of radius b, we define the magnetic






We now apply the fields (5.1-5.6) to an ideal spherical capacitor or radius a
surrounded by an ideal spherical dipolar magnet of radius b > a.
5.1 Furry’s expression: equation (1.3)
With start with Furry’s method because it is the easiest to use since b > a in our















δ(r − b), (5.8)
which becomes, after performing the angular integration using (2.8) and expressing











Υ(r − a)δ(r − b). (5.9)




B0 × p, (5.10)
which is the correct value expected for a macroscopic dipole or capacitor.
Having derived (5.9) we can study some limiting cases. First, when b → ∞
with a finite, or a→ 0 with b finite, the result (5.10) does not change. On the other
hand, for ∀a = b ∈ R we get the result derived for a point electric dipole, i.e., half
of (5.10) because one has to use (4.4) instead of (2.9) for the radial integration.
5.2 Faraday’s expression: equation (1.1)
Here we can use (5.3) for ρ, but (5.5) for A corresponds to r > b while want need
the magnetic potential for r ≤ b, that is the potential inside the magnetic shell
10
where B is a constant. Since the source of that potential is at the radius b, we must















B0 × rΥ(r − b), (5.11)








dr δ(r − a)Υ(r − b). (5.12)




B0 × p, (5.13)
which is again the correct value expected for a macroscopic dipole or capacitor.
Similarly, the discussion of the limiting cases is the same as for the previous
subsection, confirming the result (5.13) for ∀a 6= b ∈ R, and the point dipole
result (4.14) for ∀a = b ∈ R.
5.3 Poynting’s expression: equation (1.2)
From the calculations done in the two previous subsections we can infer that the
Poynting expression is likely to give a result confirming what we already know.
Moreover, as the actual calculation of this expression for a finite dipolar system
can be expected to be similar to that made for a point dipole in subsection 4.3 we
skip it. Nevertheless, we can stress that in that calculations the δ-function terms
terms on the right of (5.2) and (5.5) would play an essential role, as they did in
subsection 4.3. This means that when a capacitor or a magnet is modeled with
the help of δ-functions, great care has to taken in order to take all singularities
properly into account.
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